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We derive an algorithm to numerically integrate differential equations derivable from a
separable Hamiltonian function. This symplectic algorithm is accurate to fourth order in the
time step and preserves exactly the Poincaré—~Cartan integral invariants associated with the
topology of the phase flow. We compare the efficiency and accuracy of this method to that
of existing integrators (both symplectic and non-symplectic) by integrating the equations of
motion corresponding to a nonlinear pendulum, a particle in the field of a standing wave, and
a harmonic oscillator perturbed by a plane wave. © 1991 Academic Press. Inc.

1. INTRODUCTION

The study of Hamiltonian dynamical systems leads quite often to differential
equations which are not solvable analytically. Increasingly, numerical integration
is being used to gain insight into the complicated behavior of such systems.
Unfortunately, popular integration schemes—including the Runge-Kutta class of
algorithms—do not take into account the Hamiltonian nature of the equations and,
consequently, do not preserve the hierarchy of global invariants known to exist in
these systems.

Consider, for example, a Hamiltonian system with N degrees of freedom and an
N-dimensional configuration manifold #". Let q be the local coordinates on 7. It
can be shown that the cotangent bundic of ¥, written T*¥", has the structure of
a 2N-dimensional differentiable manifold with local coordinates (q, p), where p is
the usual canonical momentum vector (see [1] for details). On the cotangent
bundle T*¢  there exists the natural symplectic structure

w’=dp A dq,

which is a closed, non-degenerate, differential two-form. We call the pair
(T*¥", *) a symplectic manifold. The forms w? (w?)? .., (@?)" are preserved
under both the phase flow of the system and under canonical transformations.
Collectively, these forms are referred to as the Poincaré integral invariants. In fact,
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when integrated over an arbitrary region of dimension 2k {1 <k < N), the 2k-form
@™ will produce the invariant quantity

[5] % dpy-edv,dgyday,
< ... <y
which is proportional to the sum of the oriented volumes of projections onto the
coordinate spaces {p;, .., Dy, 4s» - 4;,), Where 1 <i,, < N. When k= N, we recover
Liouville’s theorem.

A brief summary of existing symplectic integration algorithms {SIAs) is provided
by Channell and Scovel [2]. In addition to the methods discussed there, Itoh and
Abe [3] have recently developed a method of integration based on discrete
mechanics which exactly preserves the Hamiltonian. Their algorithms, however, are
accurate only up to second order in the time step and, like the schemes proposed
by Channell and Scovel, require the solution of implicit equations. Ruth {47,
however, has devised an explicit method of symplectic integration which is
siructurally quite similar to the classical Runge—Kutta algorithms (RXKIs). In what
follows, we generalize his approach and extend the accuracy of the method 1o
fourth order in the time step. The resulting explicit SIA is superior in both com-
putational efficiency and global stability to the most popular fourth-order
RKI[5,6].

This paper is divided into six sections. Section 2 explains the fundamental idea
upon which our SIAs are based. Section 3 contains the actual derivation of explicit
STAs accurate to second, third, and fourth order in the time step. The generalization
of the results to time-dependent potentials is accomplished in Section 4. Section 5 18
devoted to the study of numerical examples and Section 6 contains a summary and
discussion of results.

2. APPROXIMATE CANONICAL TRANSFORMATIONS

Let us begin by considering a Hamiltonian H: 2" x 2" — # which is separabie
with respect to the local coordinates ¢ and momenta p,

H(q, p)=T(p)+ V(q). (1)

where q={q,}, p= {p.}, =1, .., N. It is our goal to produce a series of difference
equations which preserve the symplectic two-form @ =dp » dg and approximate
the exact phase flow generated by H:

13

(90, Po) at time ¢, — (q, p) at time +. 2}

The accuracy of the approximation resulting from replacing Hamilton’s equations
by such a series of difference equations will be measured in terms of the time step
ot =t—14. More specifically, if a difference approximation agrees with Hamilton’s
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equations up to O(d¢"), then we will call that approximation an nth order SIA. In
what follows, let us consider (qq, po) to be initial conditions, and (q, p) to be the
local coordinates and momenta after a time Jr. Now, finding an nth order SIA is
equivalent to finding a canonical transformation ¥ which generates the map

%:(q, p) > (4o, Po) = (4o, Po) + O(3" 1), (3)

where the tildes indicate approximate initial conditions. In particular, if we can find
a series of transformations which leave the Hamiltonian with the final form

H((lo, f’o) = Z hi(‘]o» l~’o) orf (4)

such that §, — q, and p, — p, as ¢ — 0, then one can prove that the equality in (3)
is satisfied. Indeed, if we expand (§,, o) and A;(§o, Py) about 7= ¢, in the following
way,

(Qo- Po) = (qo> Po) + Z (q7, p) ot/
j=1
hi(§o, Po) = h:(qo, Po) + O(31)
then Hamilton’s equations imply

d. d_\ 2.8 o\, . ...,
(G305 80) = 2 (55, ) o B

i=n

Y [(i __?—) hn] L oErY
apo aqO do=q0, Po=Po

=G(qo, po) 01"+ 031" *1),

where G is some vector function of the initial conditions. Upon integration of the
above results, we obtain the relationship between the exact and approximate initial
conditions,

~ =~ — G n+1 n+2
(Gos Po) = (0> Po) + n +“‘ 1 ot +0(6t" ") (5)
= (qg, Po) + O(51" ). (6)

One may conclude, then, that if a canonical transformation € (or a series of such
transformations) transforms the Hamiltonian (1) into the form of (4), then the
resulting algebraic equations of transformation constitute an nth-order SIA.

3. DEVELOPMENT OF EXPLICIT ALGORITHMS

We are now faced with the question: How does one transform a Hamiltonian (1)
into the form (4)? Fortunately, this question has been answered by Ruth [4], who
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has obtained explicit algorithms accurate to third order. This is in contrast io the
recently developed implicit methods of Channell and Scovel [27] and of Itoh and
Abe [3], which are somewhat less convenient for practical use in most cases.

3.1. The Generating Functions

To obtain an integration algorithm accurate to order », we make the following
series of / canonical transformations,

K, Ki. K , .
(@, p)— (Q_ 1, Py y) —— - —— (g, Po)- {73

When n <4, one can always set /=n. However, it may be necessary to use />
transformations when »>4. This necessity is a result of the rapid accumulation
with increasing # of independent conditions which must be satisfied to put ¥ into
the form (4). The reader familiar with classical Runge-Kutta formuiae will recail a
similar rise in the number of coefficients required to derive an algorithm of order
greater than four. In any case, the above variables have the interpretation

(o, Po) — initial conditions at time t =0

(q,, p,) — intermediate point

(g,_(, p;,—.) — intermediate point

(q,, p;) — integrated variables at time 7 = ¢, + 5t

K(q, 1,00 t)=—q;_,-p,— [a;T(p;)+ &, V(g,_ )1 0t {8}

are type 3 geunerating functions for i=1, ..., /. This choice of X, vields the equations
of transformation

q;= _Vp,-Ki =q;_ +01a; Vp, T(p,)
P = —Vq,_lKi‘—‘pi+6tbdi,_;V(qi—-I) {10}

P
Dol
it

and
H _(q—,0,-)=H;+0,K;=H,—[a,T(p;) + b, V{q;_1) ], (it)

again, for i=1, .., L The gradient operators we use here are defined accordmng to
d N\

V,= (——, T
! 0q, 95/

bl

qu
é J\
V.= —, .
? <5p1 8p~)

S—
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Upon applying all / transformations, it is clear that the Hamiltonian for the initial
conditions, H, will have the form

/
Hy(qq, Po) = H,(q;, p,) + Z e

i=1

/
=T(p,)+ V(q,)— Z [a;T(p)+b:V(q;-1)], (12)

i=1
where in the above we must consider q,=q;(qq, Po) and p,=p;(qo, Po)- At the
moment, however, the relationships between variables are implicit, the exact form
of which follows at once from the equations of transformation (9) and (10),

4;=9qo+0t ), a,P(p,) (13)
m=1

Pi=p0+5t Z bmF(qmﬁl): (14)
m=1

true for /=1, ..,/ Note that we have introduced the generalized force F(q)=
~V,¥1(q), as well as the gradient of kinetic energy P(p) =V, T(p). Now, if one can
determine the coefficients {a;, b;} such that the Hamiltonian has the form
Hy=0(dt"), then (9) and (10) describe an /-step process for the integration
(90, Po) — (q;, p;) Which is exactly symplectic (since it is always a canonical trans-
formation). In practice, to determine the coefficients {a;, b;}, one must expand q;,
and p;, and all associated functions of in powers of d¢ so that H, may take the form

n—1

HO(qu Po) = Z hm({ai: bi}’ qO: pO) 5tm + 0(5t”)5 (15)

m=0

in which case {a;, b,} are found, not necessarily uniquely, by setting 4,, =0 for
m=0,..,n—1.

3.2. Series Expansions for n<4

Let us now perform the required algebra to find a fourth-order algorithm. Since
methods of order 1,2, and 3 are simpler cases of the order 4 method, we shall not
yet specify the number /=r <4 of transformations. First, we expand q; and p, in
powers of ¢,

q;=qo+ 0L, 4 62%A,+ 5:°F, + O(6%) (16)
P:=Po + 010, + 6:°®,+ 6L, + O(5t") (17)

with the coefficients given by

r,=°P > a,

m=1

A,=(F.V,)P Z a, ¥ b,
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®,=F Y b,
m=1
i m—1
®=P-V)F Y b, Y a
ni=2 r=1
(P-V,)? 2

"M“

The coefficients above are evaluated, after application of the gradient operators, at
¢ =q, and p=p,. That is, they are explicit functions of the initial conditions oniy.
Further, they are valid for i=1, ..., n. In a similar manner, we can expand ¥{g;) and

T(p,):

Via) = Viag + 5T,9,] Vi) + 07 | 4V, + 20k | vig)

r..v.)?
+5t3|:‘l‘,-~Vq+(—'6—‘i+(F,--Vq)( q)] Vig)+ O{6:*y (18}
and
. .. V)P
T(p,) = T(po) + 51[©,-V, ] T(p) + b7 [m,--vp ; L—zi] ®)
®,.V.)? T
+5r3[ni-vp+(——’6—")+(®i-vp) T(p)+ O(5r*). {19}

Again, after the derivatives are taken, these expressions are evaluated at the initial
conditions (q,, po). Upon substitution of the above expressions into (12), we arrive
at a Hamiltonian with the form (15)

Hy(Qo, Po) = ho+ hy 0t + hy 817 + ks 88° + O(517), (20)

where the zero-order term is

ho=Too) | 1= ¥ @+ Ve[ 1= b,).

i=1
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To avoid possible confusion, we will abbreviate F,=F(q,) and P,=P(p,). This
allows us to write

n i n i—1
h1=(Fo-Po)[z b 4 Y by 3 ant Y b, Y am]
=1 m=1 m=1 i=2 m=1

m=1 i

and
m—1 n i m—1
h=@oV)F-Po)| T 5, T a-Ya T 6,3 4
m=2 r=1 i=2 m=2 r=1
1( n >2 1 n i—1 )2:'
-z a, | +z ) b a,,
2 mgl 2i=2 le

—(Fo-V,)(P- FO)[

(30320

It can be shown, finally, that 4, has the following lengthy expansion,

h3=(Po-Vq)2<F-Po)[ ) bm(mzl )

=1

0 8345 £ (2]

r=1

M= LD
K

2 ra= | s=1 i=3 m=2 r=2 s=1
n m—1 i i m—1
+ by Y by Y a—Y a; Y b, b, Y a
m=1 m=2 r=1 i=2 m=1 m=2 r=1
n n m n i—1 m
- Y an ¥ an L+ %5 % an 3 b
m=1 m=1 r=1 i=2 m=1 r=1

As before, each of the expressions #hq, ..., #; is to be evaluated at the initial
conditions (gq, py)- Using the results we have derived so far, it is possible to derive
algorithms of orders 1, 2, 3, and 4 by making the choices shown in Table I. The
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TABLE 1

Summary of Different Choices of Algorithms

Order Equate to zero n Equations  Variables
L hq 1 2 2
2 g, by 2 3 4
3 ho, e, s 3 5 6
4 ho, iy, by, b 4 8 8

coefficients which result from these choices are listed in Tabie II. Once the
coefficients {a;, b;} are known, we have the prescription shown in Table IlI for an
nth-order integrator. Of course, algorithms of order <3 have been derived by Ruth
[4], but we will include a general treatment of them for completeness. The case
n=1 is trivial, but for n =2, one obtains the so-called /eapfrog method which we
will derive in the next section.

3.3. A Second-Order SIA

According to Table I, if we set A, and %, equal toc zero and choose n=2,3
equations in four variables result:

a;+a,=1 (21
by+b,=1

[
e
R

e
[0S

a1b1+a2=b2a1.

PN
[
(%)

-

Two particularly interesting solutions are the leapfrog method
(ala aZa bls b2)= (%, %s O, 1)5
and the pseudo-leapfrog method

(alaab bla b2)=(1~ Oa

,3)

[N

TABLE 11

Summary of Coefficients for Various Algorithms

Order (n) Coefficients
1 {ay, 6))={1, 1)
2 (‘11-‘12,b1’b2)=(%- %7071)
3 (ax»az,as»bubz,bs)=i§y “é, i, zl, 3 — )
4 ay=a,=$2+2"7+2713
13

ay=ay;=%{(1-23-2
b, =0
by=b,=(2-2'%""*
by=(1-22%)""
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TABLE III

General Scheme for a 4¢ Time-Step Integration

Hamiltonian: H(q, p) = T(p) + ¥V(q)
Initial conditions: (¢, py) at t =1,

Dofori=1ton:
p:=p;—1+bF(q;_,) 0t q;=q,_, +aP(p,) it

Integrated variables: (q,, p,) at t=1t,+ 6t

These coefficients are implemented into a numerical integration scheme according
to Table III.
3.4. A Third-Order SIA

In this case =23 and 4, /1, h, must be set equal to zero. One is then left with
five equations in six variables:

a+a,+a;=1 (24)
bi+b,+b3=1 (25)

bya, +bs(a,+ay)=1% (26)
abi+ay(b,+b,) > +a;=1} (27)
b,ai+bs(a, +a,)’ =% (28)

A solution found originally by Ruth [4] is

> —23)

Again, these coefficients are implemented according to the procedure in Table III.

Blw

2 2 7
(ala a,, as, bla b2’ b3)=(§a 3 1: 34»

8]

3.5. A Fourth-Order SIA

One of the most popular methods used for numerical integration of differential
equations is the fourth-order RKI shown in Appendix 1. However, this RKI is not
symplectic, and requires four evaluations of the force F per time step. The SIA that
we will now present requires only three evaluations of the force per time step, and,
because of its canonical nature, preserves more accurately global phase space
structures. Setting hq, 4,, h,, and h; equal to zero yields eight equations in eight
variables:

a,+a,+as+as=1 (29)
b1+b2+b3+b4:1 (30)
bra,+bs(a, +a)) +b,(1 —ay)=1 (31)
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abi+ay(bi+by) +as(1—by +a,=1 i32)
byai+bs(a,+a,) > +b,(1—a)’ =43 £33)
a b +ay(b+b,)Y +as(1—bY +a,=1 (34)
byar +bs(a; +a)’ +b (1 —a)’ =1 (35)

bra, +bsla, +ay){a, b, +ay (b +b3) 1+ by (1 —a)[3~a,]
=a{b, + b, b,a; 1+ a;(1 _b4)[%-b4(1 a1+ %ast‘ {36}

It can be shown that the following is an analytic solution of the equations

a>=da;
b=
t
bz—b4—»)_)1,'3
i
b3‘1_22f3

A similar solution exists for which only three evaluations of P are necessary.

4. TIME-DEPENDENT POTENTIALS

The case where the potential ¥ is an explicit function of time is easily accounted
for. Let us begin by assuming we have a Hamiltonian #: 2" x 2% x Z — A,

H(q, p, 1)=T(p) + Vg, 1). {37;

If we define the type 1 generating function % = p ¢, then time can be eliminated by
introducing the canonically conjugate pair (¢, p,,). The equations of transformation
are

0F o
ap,
Hyow=H+0,F=H+p,. {39)

Note that ¢ is numerically equal to f and that p,= —H(q, p, t) + constant. Upon
substitution, we find

H.w(q, 0,0, p,)=L[T(p)+ p, ]+ Vg, @}, (40)
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which is equivalent to (1), but extended to N+ 1 degrees of freedom. Table IV
shows the prescription for integrating the equations of motion corresponding to the
Hamiltonian (37), with the generalized force defined by F(q, 1) = -V, ¥(q, ?).

5. NUMERICAL EXAMPLES

All numerical calculations quoted in this paper were done using a version of
VAX FORTRAN which was compiled and run on a DEC MicroVAX II computer.
The double-precision (REAL*8) format was used for all floating point numbers
since the accuracy of single-precision (REAL*4) variables is insufficient for long-
time numerical integration.

5.1. The Nonlinear Pendulum

Our first example is the nonlinear pendulum, which is described by the following
Hamiltonian

2

H(g. p)=5-—cosq. (41)

The solutions for ¢(¢) and p(t) are well known and can be expressed in terms of
Jacobian elliptic functions [7]. If we impose the initial conditions ¢(0)=0 and
p(0) = po, then

g(1)=2am (é k)
plt)= £ dn (é k),

where k* = 4/p;. Using these analytical results, we were able to monitor exactly the
errors in p and g, as well as the error in energy. The RKIs which we shall use for
comparitive purposes are listed in Appendix 1. For the sake of brevity, the second-

TABLE IV

General Scheme for a d¢ Time-Step Integration

Hamiltonian: H(q, p, t) = T(p) + ¥(q, !)
Initial conditions: (qq, py) at 1 =1,

Dofori=1ton:
pi=pi—1+b:Fq_, 1, )0t 4,=9q,_ +a,P(p;) 5t
t,=t,_,+a;6t

Integrated variables: (q,,, p,) at 1=ty + ¢
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order Runge-Kutta method shall be called RKI2, and the fourth-order method
RKI4. Similarly, the leapfrog method of Section 3.3 will hereby be referred to as
SIA2, and the method of Section 3.5 will be called SIA4. Figures 1 and 2 compare
the accuracy of SIA2 and RKI2, while Figs. 3 and 4 compare the accuracy of SiA4
and RKI4. In both cases, we see that the energy error for the SIAs is very small and
tends to oscillate about some small central value, while the energy error for the
RKIs increases monotonically. This characteristic has been noted by previous
authors, most notably in [2].

The SIAs also reproduce the coordinate ¢ more accurately than the RKlIs.
However, the symplectic methods show a higher rate of growth of coordinate error
than of energy error. This phenomena is appropriately described as the propagation
of a phase error [3] in the SIA.

5.2. Particle in a Standing Wave Field

The equation of motion

mg = —eElsin(kqg — wr) + sin(kg + wt)] (423

o

describes the motion of a particle of mass m, charge —e, in the field of a standing
wave. Choosing units such that o =k=m =1, we find that the above reduces to

G +esingcost=0,

H = p~.'2 - coslq)
\

0 €003 T - ﬁ_‘“’_T ‘Ffﬁ’_ﬁw"‘l

}> o

OO -

3 - Explicit SIA (Order 2 . ° ¢ .

¢ - RKI (Order 2} R 1

5 © _

e .

- 00002 — X #
s .

T - i 4
= o 4
5 0.0001 - o —
= ’; o° -
= o
s OO ’

= B o

0 <‘
< ©
t oY 4
T e
0.0000 &°c © o 4 - geoo©f© 3 I Coae =
F n o3 c g ooboud-FaTs 5ocog o c o a - obafoocgt
| S S — S N R ! S PR 1_1_._;_.,‘___14_‘_“;4_7
0 500 1000 1550 2000 2500
Time t

Fig. 1. Comparison of the relative error in energy when using SIA2 and RKIZ to integrate {41},
with initial conditions (g, pg, fg) = (0, 1.4, 0), and time step d¢ =90.01.
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O - Explicit S[A (Order 2
S — RKI (Order 2) ]

b I L © %o 7
2
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=4 [ <o 5 7
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FiG. 2. Comparison of the absolute error in position when using SIA2 and RKI2 to integrate (41),
with initial conditions (g, pg, 75) = (0, 1.4, 0), and time step dr =0.01.

H = p2,~"2 — cos{(q)

T ‘T\ A T ’ T ‘ T
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FiG. 3. Comparison of the relative error in energy when using SIA2 and RKI2 to integrate (41),
with initial conditions (gy, po. #,) = (0, 1.4, 0), and time step 5z = 0.05.
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H = p2 2 - cos{qg)

Filwﬁ*ﬁ\“‘#f‘r\lifii‘{” e ‘[77"'ﬁ4’?
006 — .
” 3 - Exphlcit SIA (Grder 1) ]
[ ¢~ R (Order 4. . J‘
L A
,: | |
: 001 — —
z
o - . B
| ‘)* 3 R 1
—_ 3 . ¢ _
g | !
C [ < )
£ 0.02 — ) J
Z . ;
joy T i ° ; 3 .
. L :
. R 3 B
r 5 ° . o
- " Ogn : ; 4
Lo o °* © _ o -
006 soo@ededndIeonnifboucnlfIorocCa0-nlsbn0n Jﬁzh‘tir—‘*’g{
S S BN RSN S
0 2500 5000 7500 10000 12500
Time t

Fi16. 4. Comparison of the absolute error in position when using SIA2 and RKI2 to integrate {41),
with initial conditions (gq, Py, fp) = (0, 1.4, 0), and time step §7=0.05.

where ¢ = 2eE/m. This equation is derivable from the time-dependent Hamiltonian
function

pl

H(q, p. 1)=~2——scosqcos £, (43}

A crude estimate of the stochasticity threshold can be obtained by the resonance
overlap criteria of Chirikov [8]. When &> 1, separatrices corresponding to each

wave in (42) overlap, indicating that stochastic regions must be present in the phase
. I ) X . | .

—_—

Bt et e et I T R i

do indeed exist locally for values of e much smaller than these estimates.

We begin the comparison by integrating the Hamiltonian (43) inside the
ponderomotive potential well, and display the results at the times ¢, =2nm,
m=0,1,2,..,n where n is the total number of plotted points. This procedure
defines our Poincaré return map. Comparing Fig. 6 and Fig. 7, we notice that S1A4
yields trajectories which lie on a well-defined submanifold while RKI4 seems o
exhibit chaos. Actually, the unstable behavior of RKI4 in Fig. 7 is a result of its
inability to accurately preserve the local constant of motion which defines the one-
dimensional trajectory seen in Fig. 6. This numerical dissipation, which is also
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H = p° 2 — ecos(qg)cos(t)
o

o

p(t)
T ] L
>\\
\y
|
!

c 0.2 04 06 08 L

FiG. 5. Phase space of (43) for =} The large separatrices at top and bottom correspond to
resonance with the travelling waves in (42). The small, middle separatrix corresponds to the
ponderomotive potential well.

H = pz/"z — ecos(qg)cos{t})

h T T [ T T T T | T T 1 T [ T ‘Yi:
02 E . -
7 N ]
£ s ~ ]
0.1 = . ]
Ve A 1
f / \\ i
Z 50 _]
) \\ /o
—0.1 e L —
\\ // .
-0.2 T -
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03 0.4 0.5 0.6 07
ql(t),/ 27

FiG. 6. Poincaré map of a single trajectory of (43) using SIA4. The initial conditions are
(qo» Po» to) =(m, 0.188, 0), £ =0.73/r >~ 0.23, J¢ = 21/25 ~ 0.25, with 30,000 plotted points.
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H = p°/2 - ccoslg)cos(t)

|
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FiG. 8. Same as in Fig. 6, except using ISIA4.
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TABLE V

Execution Time (in Seconds)
for Various Integration Methods

ot=0.5 6t=0.1 0t=0.01

SIA4 2231 225 21.59
RKI4 31.79 31.74 30.88
ISIA4 42.64 3277 26.69

evident in Fig. 3, causes RKI4 to be weakly attracted to the elliptic fixed point at
(g, p)=(m, 0). In addition, we have included in Fig. 8 the trajectories calculated
using a fourth-order algorithm generated by the prescription in [2] (see
Appendix 2), which we shall call ISIA4. As in the case of SIA4, ISIA4 shows a
stable, regular trajectory.

An added consideration in the comparison of various methods is computational
efficiency. Using the initial conditions (gq¢, pgo, to) = (7, 0.5, 0), and perturbation
strength ¢ = 1/4n ~ 0.080, we integrated the system corresponding to the
Hamiltonian (43) forward in time n= 10,000 time steps. The results, using three
different values of the time step d¢, are shown in Table V. The FORTRAN source
code for ISIA4 solved the implicit equation for the integrated coordinate according

H = p°/2 — ecos(q)cos(t)

<
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FiG. 9. Poincaré map of a single trajectory of (43) using SIA4. The initial conditions are
(40> Pos ts) =(0, 0.31255,00), ¢ = 1/2n ~0.16, 6t =27/30 ~ 0.21, with 30,000 plotted points.
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to a simple fixed-point iteraton scheme with numerical accuracy O(10~'¢}. Other
than this crude method of solution, the computer code was carefully optimized.
As can be seen, ISIA4 benefits from having a small time step. In the next section,
we will encounter a situation where the iteration scheme used in ISIA4 fails to
converge.

A further example of the stability of SIA4 can be seen in Fig. 9, where the
Poincaré map reveals the existence of a local constant of motion. In Fig 10,
however, we see that the equivalent trajectory calculated by RKI4 experiences
npumerical dissipation which eventually overwhelms the calculation. Interestingly,
the difference between integrators is most easily noticed for regular trajectories of
this sort. In the case when the motion is chaotic, the violation of topological
invariants in phase space by Runge-Kutta methods is not so easily identified.
Figures 11 and 12, which show the development of a stochastic layer in the vicinity
of the ponderomotive potential well separatrix, illustrate this difficulty.

5.3. Linear Oscillator Perturbed by a Plane Wave

The motion of a charged particle in a constant magnetic field (directed along the
z-axis) perturbed by a plane electrostatic wave (propogating along the x-axis} is
described by the equation

%4 Q2%x = ¢ sin(kx — wf). {44)

rlvx‘!r\levvv
TR TR

- 035 f/ \ —
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0 02 0.4 0.6 08

FiG. 10. Same as in Fig. 9, except using RKI4.
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L 1 1 1 1 ‘ L 1 L 1 J_L I;J 1 1 1 £ | 1 J—
0 02 0.4 08 08 1
q(t)/2n

Fic.1l. Poincaré map of a single trajectory of (43) using SIA4. The initial conditions are
(9o» Pos» to) = (1, 0.255,0), 6=0.73/m ~0.23, o1 = 27/30 ~ 0.21, with 25,000 plotted points.

H = p°/2 — ecos(q)cos(t)
% T V—r T V‘Yil T T T ‘ T T T T [ T T T ]

q(t)/2n

Fic. 12. Same as in Fig. 11, except using RKI4.
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In this equation, @ is the cyclotron frequncy and o is the temporal frequency of the
electrostatic wave. In the case of exact resonance w=nQ, Eq. (44) generates a
stochastic web in phase space. Choosing units where @ =k =1 and calling ¢ ==x,
p=x, {44) is easily seen to be derivable from the Hamiltonian

2 2

H{q, p, t)=%+%+acos{q—wt), 1453

where we shall assume w is an integer, so that the resonance condition holds. This

system has been studied by Chernikov eral [10]. A slightly more general
Hamiltonian,

2 2 5
Hig, p, z)="’? 5”2_+s S cos(g—w,2), (46)
i=1

describes the situation when there exist s perturbing electrostatic waves, each with

the same wavenumber and amplitude, but with differing temporal frequencies «,.

This more general system has been examined numerically by Murakami ez a/. [11].

First, we integrated the system corresponding to (45) for relatively small values

of the parameter ¢ and w=7. The Poincaré mappings were generated by plotting

points at discrete times ¢, = 2nm/7. Initial conditions were chosen with the particle

on the separatrix net, with the results for SIA4 and RK14 shown in Figs. 14 and 13,

/

H o I,(ricos(78)

240

20

qit)

F1G. 13. Separatrix mesh of (45) after averaging, for w=7 and ¢ < 1. The vanables are defined by
r=./g"+ p? and tan § = pjg.
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H = p2/2 + q2,~"2 + ecos(g—wt)
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FiG. 14. Poincaré map of a single trajectory of (45) using SIA4. The initial conditions are
(q0> Po> to) =10, 10.5939,0), £=0.8, =7, 6t =2mn/63 ~ 0.1, with 35,000 plotted points.
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FiG. 15. Same as Fig. 14, except using RKI4,
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respectively. These can be compared with the shape of the separatrix mesh
{accurate to O(g)) in Fig. 13, which can be obtained through averaging or perturba-
tion methods (cf. Ref. [117]). This net is formed as a result of the intersection of
resonant tori and can be shown to descrease in thickness rapidly with increasing
particle velocity. Figure 14 shows the separatrix mesh traced by SIA4 to indeed be
quite thin, even though the dynamics within the mesh is chaotic. Figure 15, on
the other hand, shows RKI4 slowly spiralling into stable fixed points. Of physical
interest for the Hamiltonian (45) is to what extent the particle can absorb energy
from the electrostatic wave and be accelerated to high velocities. Determination of
the possibility of such particle diffusion requires very long-time, high accuracy
integrations. Any tendency of the integrator to become attracted to or repelied from
stable equilibrium points will eventually manifest itself in the production cf
completely unphysical behavior. In this sense, the global stability properties of the
SIAs make them well suited to such numerical experiments.

The lower order Runge-Kutta algorithm (RKI2) often tended to become wildly
unstable even after a relatively small number of integration steps. To illustrate this
tendency, we have included a comparison of SIA2 (Fig. 16) and RKI2 (Fig. 173
Much of the unstable behavior which we have noticed in the RK1s can be remedied
by decreasing the size of 6¢. However, this only increases the length of the time-scale
of valid behavior and ultimately comes at the expense of increased computational
cost.

H = p°/2 + q°/2 + ecos{g-wt)

T — ‘11‘1*]‘|*v u
'

- aVy

p(h)
|

gft)

FiG. 16. Poincaré map of a single trajectory of (45) using SIA2. The initial conditions are
(g0, Po» to)=(0,4.5,0), =12, =7, 8t=2r/210 = 0.03, with 20,000 plotied points.
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p/2 + q°/2 + ecos(q-wt)
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Fic. 17. Same as Fig. 16, except using RKI2.
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F1G. 19. Poincaré map of a single trajectory of (46) using SIA4. The initial conditions are
{G@g. Po, 1) = (0, 11.2075,0), e=1,5=3, 0, =7, w,= 14, w; =21, d: = Zn/105 ~ 0.06, with 38,000 ploried

points.
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Fic. 20. Same as Fig. 19, except using RKI4.
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As a final example of the web equation, we solve numerically the system
described by (46), with s=3. The separatrix net of the averaged Hamiltonian is
shown in Fig. 12, while the results obtained by SIA4 and RKI4 are shown in
Figs. 18 and 19, respectively. Once again, the structure of the intersection of
resonant tori is defined more sharply by SIA4 than by RKI4. An attempt to apply
the implicit method of Channell and Scovel [2], in a manner similar to that of
Section 3.2, resulted in divergence of the fixed-point iteration method used to solve
for the integrated coordinate. However, in cases where this iteration did converge,
the implicit method (ISIA4) showed the same stability properties as SIA4.

It has been mentioned by previous authors [2, 4], that an SIA gives the exact
evolution of a Hamiltonian system which is geometrically very similar to the
true system. The degree of similarity is, of course, determined by the order and time
step of the algorithm. Methods which are non-symplectic, however, replace
the Hamiltonian system by one which is no longer Hamiltonian in nature.
Consequently, after sufficiently long integration times, the numerical excitation
or damping induced by such non-symplectic methods produces results which are
completely uncharacteristic of the exact Hamiltonian system.

6. SUMMARY AND CONCLUSIONS

In this paper, we have generalized the method of Ruth [4] to obtain an SIA
accurate to fourth order in the time step (SIA4). This algorithm has been tested
using several numerical examples, including the nonlinear pendulum, the motion of
a charged particle in a standing wave, and a harmonic oscillator perturbed by a
plane wave. This testing has shown SIA4 to be computationally more efficient than
both the classical Runge—Kutta method of order 4 (RKI4) and the implicit method
given in [2]. We have also found that SIA4 is inherently more stable than RKI4
during long-time integrations.

APPENDIX 1

The two Runge-Kutta methods which are used to numerically integrate the
vector differential equation

dx
—=f(x, t
- x0)
from the initial conditions x, at time ¢ = ¢, the coordinates x at time ¢ = t,+ 6¢ are

RKI2,

ot é
x=x0+f<x0+7f(x0, to), lO+—2£>

oL,
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and RXI4,
x=é(k1+2k2+2k3+k4)
k;, =1(x,, 2,) 0t
k ot
7—f&XO 21, [0+ > t
k ot
3—f<x0 22,10+—2—> St
k,=1f(xg+ ks, t,+5t) 5

o]

APPENDIX 2

The ISIA4 algorithm, shown below, for the Hamiltonian (43) is derived
according to the procedure in [2]. It is accurate to fourth order in the time step.
Here, (g9, po) are the initial conditions at time ¢ =1,, and (g, p) are the integrated
variables at time ¢ =1, + 7. Note that the first equation,

542 3

ot . t . L
q=q0+p051———2—(es1nqcos t)+—3—(ap0cosqcos t—gsin gsin ¢)

54
+o7 [6¢p, cos ¢ sin 1+ 3e(p] + 1) sin g cos 1 — S5¢* sin g cos g cos? 1],

is implicit for ¢, while the second,

o or* .
p = po—o#esin g cos t) +7 {¢py cos g cos t — e sin g sin ¢)

t3
+—-[2sp0cosqsmt+s(po+1)s1nqcost—7s sin ¢ cos g cos” 1]

ort . o
o4 [5e’po cos? t(cos® g —sin’ ) + &(3p2 + 1) sin g sin ¢

—&po(pa+3) cos g cos t — 106 sin g cos ¢ sin £ cos 1]

is explicit for p.
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